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Relativistic theories of interacting fields and fluids
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We investigate divergence-type theories describing the dissipative interaction between a field and a fluid. We
look for theories which, under equilibrium conditions, reduce to the theory of a Klein-Gordon scalar field and
a perfect fluid. We show that the requirements of causality and positivity of entropy production put nontrivial
constraints to the structure of the interaction terms. These theories provide a basis for the phenomonological
study of the reheating period.
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[. INTRODUCTION etry changes along the process has a drastic influence on
results. For this reason, analyses based on quantum field
In this paper we investigate divergence-type theoriegheory on curved spaces have been satisfactory only for the
(DTTs) describing the dissipative interaction between a fieldearly stages of reheating, the so-called preheating where the
and a fluid[1,2]. We look for theories which, under equilib- dominant process is particle creation from the background
rium conditions, reduce to the theory of a Klein-Gordon field through parametric amplificatidii1-18.
(KG) scalar field and a perfect fluid. We show that the re- To the best of our knowledge, the most successful strat-
quirements of causality and positive entropy production pu€gdy to deal with reheating in the strongly nonlinear regime
nontrivial constraints on the structure of the interactionhas been to describe the inflaton figldas purely classical
terms. [19]. By modeling the inflaton as a classical field obeying a
The motivation for this work comes from the develop- honlinear wave equation, it is possible to go beyond pertur-
ment of inflationary cosmological model8,4,5). In these bation theory; moreover, this approach may be justified on
models of the early universe, most of the energy density ighe basis that occupation numbers, in the infrared modes of
concentrated in a singléundamental or effectijescalar  interest, are typically very high. However, a purely classical
field or “inflaton.” There are two well-defined moments in theory ignores virtual processes that may modify the behav-
the evolution, the roll-down period and the reheating periodior of the quantum theory, as has been shown by recent de-
In the former the inflaton provides an effective cosmologicaltailed calculations of transport coefficients from quantum
constant and supports the superluminal expansion of the uriield theory[20—25.
verse[6]; in the latter, the inflaton decays into ordinary mat- ~ The next step in improving classical models of reheating
ter, thus creating entropy and heating up the universe. is to incorporate those quantum aspects as phenomenological
While inflationary models assume a simple spatial depenterms within the classical theoif26]. For example, the in-
dence for both the inflaton and metric of the universe, scalaflaton and its fluctuations may be depicted as a classical dis-
and gravitational fluctuations around this simple backgroundipative fluid, with constitutive relationships derived in some
play an important rol¢7]. During roll-down, scalar and ten- way from quantum field theory.
sor fluctuations are redshifted and frozen by the cosmologi- The simplest and first approach to reheating, for example,
cal expansion, and become the seeds for future contrasts i to transform the Klein-Gordon equation into a telegra-
the energy density of the universe. During reheating, fluctuaphist's equation by adding B¢ dissipative term, wherE is
tions within the horizon interact in a complex way with the estimated from the quantum mechanical decay rate of the
background fields and are key to such questions as to what isflaton[27-30. As pointed out by Brandenberger and oth-
the duration of the reheating period, at which temperature igrs[31], this approach misses some important components of
equilibrium attained, how is energy distributed at the end othe reheating process, such as the possibility of preheating,
reheating, and the spectrum of primordial density fluctuanhamely, enhanced decay through parametric amplification of
tions. guantum fields coupled to the inflaton. A subtler criticism is
Overall, quantum field theory in curved spaces is an adthat this approach—or rather simple covariant generaliza-
equate framework to study the roll-down peri@dthough of tions of this approach—is equivalent to writing a first order
course many questions remain, such as what is the shape difsipative theory for the inflaton fieldn the classification
the inflaton potential and whether the fine-tuning usually asef Hiscock and Lindbloni32]), similar to the Eckart theory
sumed in standard inflationary models is truly unavoidgblefor ordinary fluids. However, it is known that first order
[8,9,10. However, reheating is much more complex, as hereheories have stability and causality problems, and therefore
neither background fields nor fluctuations may be consideredie should expect that the same problems will occur in these
a perturbation on the other, and moreover the way the geonsimplified reheating scenari$83].
The task at hand is then to write down classical dissipa-
tive models of reheating, in order to account for the basic
*Email address: calzetta@df.uba.ar aspects of the quantum phenomenology, but to do so in the
"Email address: marc@df.uba.ar framework of a consistent relativistic hydrodynamics, thus
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building into the model the general principles of relativistic field ¢, these are the degrees of freedom of the theory.
invariance, stability, causality, and the second law of ther- This is in contradistinction with the usual view @f and
modynamics from scratch. its gradient¢ , as the only degrees of freedom. The extra
In an important precedent to this work, for example, thevariable is associated to dissipation and will become a true
authors of[34—4(Q have developed a dissipative model of dynamical variable only when interaction with other fluids is
reheating based on the “truncated” Israel-Stewart frameintroduced. The fact that dissipative theories require more
work. However, these authors treated the inflaton as a fluidjegrees of freedom than ideal theories is of course rather
thus losing the aspects of the problem associated with thgeneric.
coherence of the inflaton field. Besides, they focused on the Our next step is to introduce the ensemble of quantum
dissipative effects arising from the fact that a mixture offluctuations of all other matter fields. For simplicity, we shall
otherwise ideal fluids will generally develop a nonvanishingdescribe this as a single ideal fluid. We shall assume that
bulk viscosity. Therefore, in their model dissipation happenghere are no conserved currents other than energy momen-
only if the universe expands. On the other hand, quantuntum, so this fluid will introduce only one new vectorial de-
fields show dissipative behavior even in Minkowski spacegree of freedome‘q), representing the inverse temperature
time. In our work, we shall not only treat the inflaton as avector.
coherent field, but also focus on dissipation arising from hav- The interacting theory is different from the decoupled
ing the inflaton not in equilibrium with the ensemble of all theory in two ways. First, the dependence of the energy-
other (quantum fields. In fact, in this preliminary investiga- momentum tensors for each componéigld and fluid on
tion we shall work on flat space-time backgrounds, althoughhe dynamical variables is not the safiea derivation from
a fully covariant generalization will be immediate. It is likely first principles, this would result from taking the variation of
that a truly realistic account of reheating will require a com-interaction and radiative correction terms in the quantum ef-
bination of both this and the Maartens-Pax@imdahl ap-  fective action with respect to the metfit9]). For simplicity,
proaches. we shall assume that the energy-momentum tensors, but not
Another important difference between this and earlierthe currentj®, are modified in this way. Second, only the
work is that, instead of the Israel-Stew4tl 42,43 frame-  total energy momentum is conserved, so the divergence of
work (or similar frameworks, such as “extended thermody-the energy-momentum tensor of the field alone, say, is not
namics” [44]), we shall work within the class of “diver- zero. We may also modify the Klein-Gordon equatioear
gence type theories” earlier introduced by Geroch andequilibrium, this modification will result in the addition of a
Lindblom [1]. DTTs are appealing because they represent g 4 gissipative term As it will turn out, the possible modi-
mathematically consistent, closed system, rather than a Uffeations in the energy-momentum tensors are constrained by
cated expansion in deviations from ideal behavior. Thisaysality, while the nonconservation terms in the equations
makes the discussion of such properties as causality and stgr motion are constrained by the second law.
bility most transparenit1,45], for which reason DTTs are @ after analyzing the constraints derived from linear stabil-
natural language to describe the complex nonlinear INteraGey and causality, we shall conclude this paper by displaying
tions between the inflaton field and the fluid of quantumipe simplest possible family of theories satisfying all the
fluctuations during reheating. physical requirements above. We shall use these theories for

To summarize, in this paper we explore DTTs describing, qualitative discussion of the nonlinear aspects of the ap-
the interaction between a classical, nonlinear scalar field a”ﬁroach to equilibrium.

a perfect fluid. Our main goal is to study the constraints on  The rest of the paper is organized as follows. In next
possible interactions which follow from the requirements Ofsection, we show a well-defined DTT which reduces to the
covariance, causality, stability and the second law. For simg g equation if suitable boundary conditions are enforced. In
plicity, we shall work in a flat space-time, and when no 10ssgec i1 we study the mixture of field and fluid in the DTT
of generality is involved, we shall assume homogeneous contamework. We analyze the equilibrium states and their lin-
figurations. The linearized dynamics of the scalar fieldgg, stability. In Sec. IV we write down a simple, acceptable,
around equilibrium is given by the telegraphist's equation,nonlinear DTT theory and use it to analyze the thermaliza-
but the characteristi€' ¢ dissipative term appears only as a tion process. We summarize the main conclusions in some
linear and local approximation to a more complex tdas  brief final remarks.

happens in dissipative equations derived from quantum field \We gather in the Appendix some elementary facts about
theory[46,47)). DTTs and their connection to causality.

We shall begin our analysis by constructing a DTT whose
solutions, under suitable restrictions on initial conditions, re-
duce to solutions of a nonlinear Klein-Gordon equation. Let
us note that while it is easy to show that the KG equation is
hyperbolic[48], to the best of our knowledge this equation  To investigate properly a relativistic fluid, the context of
was never formulated as a DTT. The dynamics of our DTTDTTs proposed by Geroch and Lindblom is particularly in-
theory is given in terms of the conservation equations for theeresting since causality is easily investigated and/or
energy-momentum tensor and one vector curjgntand  achieved. We use the signature, +, +, +). Latin lettersa,
therefore includes one vectorial and one scalar Lagrange, c, ... indicate spacetime coordinates, and Greek lefiers
multipliers ,Bf‘c) and¢, respectively. Together with the scalar », ... indicate spatial coordinates: other conventions follows

Il. DIVERGENCE-TYPE THEORY OF THE KLEIN-
GORDON FIELD
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Misner, Thorne, and Wheel¢b0]. We will also follow the Following the general DTT constructidisee the Appen-
usual (physicist’g convention to designate tensorial charac-dix), we introduce the generating functiq«ﬁ=ﬁ?c)p, where
ter by its elements: that i2® will designate the tensof p is the pressure and
=T3%,®e,, the context indicating easily whether one is
making a statement about the whole tensor or its coordinates. 0 a 9P

Our first goal is to derive a model which contains the J _'8<°>(9_§’
classical Klein-Gordon field as a particular case. Since we
want to be able to apply this to the early universe, we allow b b oa o L1 9P
the classical field to be subject to a nontrivial potential T®=pg® _ﬂ(c)ﬂ(c)ﬂ_w
(which may even be nonrenormalizap&9,10). The Klein- (© TP
Gordon theory may be described as a conservation law for
the “current” ¢ ,, namely, V3¢ ,=V'(¢). The energy- =Pg
momentum tensor is also defined in terms @df, as T,

)

.p L (9plaBc)
ab__ ia;b
5o Gptagyz >

=¢ o b= Gapl @ P12+ V(p)]. We therefore postulate leading to the following equation upon comparison with Eq.

that our theory is defined by two currents, energy momentunt3):
T.p and a vector currenjt?, with dynamical equations

1 oap _(&p)z
T, 0, &y B 9By | 7€
j%a=R[x], 2 1o
p= ZJCJ T. 9

and the constitutive relation
The first one is a differential equation in the variabfes

1 with solution
Tab:jajb—gab<§jCjC+T[R])- 3
52
=—+A, 10
The scalar fieldp is introduced by writing the functional P 2B 19
relationship betweeiR and T parametrically aR=V'(¢), o
T=V(¢). This implies no loss of generality. whereA is independent of and 8, , but can depend on the
Next, consider the conservation law space-time coordinates. In fact, using the second equation we
see that
ab _ qab/; s H reia_ pLay —
T ;b_g (Jb,c Jc,b)] +V (J ¢ ) O (4) A: —V(¢) (11)
Then if Thus
jb,c_jc,bzoa ) . 3
JaIIBTﬂ?@ : (12)
we havej?=¢'? and we fall back on the usuétlassical (c)

Klein-Gordon theory. Note that E@5) is a constraint rather
than a dynamical equation. Defining ,p=j.p—Jjp.a, We
have the following identity:

Recall that the conservation law fafP, Eq. (4), implies
j?>—j%¢ =0 even when the constraint, E(p), is not en-
forced. Sincg?=—(&/Bc)? we get

"

a —
jCMab;c:V’Mba+ Vjc(ijac_jaMbc)"'jc;aMbc 'B(C)¢’a_ 3 (13)
M © Finally, we easily computg, using
— 1 pMac-
1 dxc
Therefore, if Eq(5) is true initially, it will stay true for all p=- % m (14)
time. In other words, our set of equatiofl, (2), and (3)
represents a theory larger than Klein-Gordon, reducing to iteading immediately to
if the constraint(5) is enforced initially.
Our next step is to cast this theory within the DTT frame- 1, 1_,
work. Since there are two currents, we introduce two G 55 In Be)+ 5 1B (19
Lagrange multipliers g,ﬁf‘c) (we also define B o .
= \/m) as dynamical degrees of freedord. is We can regard Eq13) as a generalization of the canoni-

analogous to a chemical potential conjugated to the currertal momentumm=¢; in the “rest” frame where Bf,
i@, while ,B(ac) plays the role of “inverse temperature” and is = (3, ,0), we getm= —&/B (). The problem is that only
conjugated toT2. Observe the perfect-fluid form of the this ratio has a direct meaning in terms of the Klein-Gordon

energy-momentum tensadr®.

theoryalone that is, the KG equations are invariant under a
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rescaling of¢ and,B?C) by a common factor. In order to break Ba:ﬁf‘crﬁf‘q) . (19
this indeterminacy, we must look at the larger framework
where the Klein-Gordon field interacts with other fluids. Then,
Then we complete the definition éfandﬁf‘c) by demanding

that, in equilibrium, 3%, must be identical to théonly) in- J=% 1 ‘9Ea+ J5°
verse temperature vector of the full theory. Bew 2 IBy 9By’
Knowing B?C), we now regard Eq(13) as thedefinition
of the scalag. This means that, while for the pure KG theory JE® 1952 o9E?
Eq. (13) simply follows from energy-momentum conserva- (9/5’<q>b: 2 ﬂﬁb_ By’ (20)
tion, we shall demand that it also hold unchanged in the
interacting theory. This procedure is of course suggested byhus,
the Landau-Lifschitz treatment of the damped harmonic os-
cillator in Ref.[51] . . ab . ab. OXe dxq IE?
Sincexg is a homogeneous function of degree 1£iand T+ T, " Biop  IBiap + 9By (21)
ﬁ?c) , the entropy current and entropy creation rate vanish in K
the pure KG theory, as expected for a coherent field. Note that the only real physical system is the one de-
scribed by the total energy-momentum tensor given above.
IIl. DIVERGENCE-TYPE THEORY OF INTERACTING Any separation in two fluids will be tinged with arbitrariness,
FIELDS AND FLUIDS a fact that will be clear soon. We will ask that the total

] ) ) ) energy-momentum tensor be symmetric; therefore,
Our next goal is to describe the interaction between the

KG field and other forms of matter in the context of DTTs. Pl

We thus introduce éperfec) fluid, described by an inverse 8= 9B (22
temperature vectoB(, and energy-momentum tens@@b é

derivable from a generating functiongf=dxq/dB(qa (S€€  E will depend in general on scalars as demanded by Lorentz

the Appendix. The interacting theory shall be described by invariance: namely= =2 (&,u,v,W, ¢), where
the equations

il

— a
ja;a:R+A, u ,Baﬁ 1
v=—-B_,B?
Tg;bb: 12, ¢
Tab __|a w=—3,B% (23
a;b !
Then,
Bie)a=—¢, (16)
J J J
wherej? andT2" are the current and energy-momentum ten- B Zﬁaﬁ— aﬂ,
sor for the inflaton field, and we have added the definition, Ba
Eqg. (13), which, unlike the situation in the noninteracting 3 P P
theory, is now independent of the other equations. Let us = 2B —— B — (24)
seek a generating functional of the form 9Ba du Iw
X3=x2+ X3+ =a, (17) Note that even if the source teris taken to be null, the

energy-momentum tensors for field and fluid do not fall back
The total system is generated not only by the sum of eachutomatically to their old form. Since the only “true”
thermodynamic potential, but there is a third potential to in-energy-momentum tensor is the total one, it is sometimes
clude the interaction between field and fluid. Each energyhelpful and instructive to rewrite the equation of motions of

momentum tensor will be given by the Tiab(i =c,q). Let us define the following:
ab_ OXc | 9E" Tab=T304 TP,
B B
TP=TP -T2, (25)
axe IE®
Tab= 4 . (18)
97 IBgb  WBiap Note that
Let us define the following variables: an_ OX°
TS —ﬁ, (26)
b

1
a_ (B2 4 g8 -
ﬁ 2 (B(c) B(q))’ Slnceﬁxg/&ﬂ(c)bz 0= &X(?/&,B(q)b . AlSO,
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ax®
ab: —
TaP=2 PR (27

The following identities follow straightforwardly:

—

I=) =]

=a_ _ a_— _ pa_
=) 2B B, (28)
Ee =] =
=—2 ab_+4 apb~ T
9By 90 TR
D bt
+BaBb—2—a = +2(p%BP
oW
=)
+Bagd) ——, 29
BY) Suaw (29)
=a abaE+2 ap E
By 9w T2 B haw
P*E =t
+ a b_’_'+ apbh_~ —
2B°B Jv ow 4p"8 Jdudv
D bt
+Ba,8b—2—a - (30
oW’

Let us compute the entropy creation rate. Using

J Jd N Jd
Bo  IBiyp IBgp

1% _ 1 9 1 9
ﬁBb 2 &ﬂ(c)b 2 (9,8(q)b’

31)

we find

—a

B
7 Vad—Bol "= A,

Vv, SP= (32)

where we used the fact thmf‘c)qb,avL £=0. For simplicity,
let us ask thatE be independent of, so that the entropy
production reduces to
V,SP=—B,IP—£A. (33
The second law of thermodynamics imposes tfigg?
>0. This means thdf andA must vanish wheB® and¢ go
to zero. In this limit,A, which is a scalar, must take the form
A=A¢+Bw (v being of higher ordegr Lorentz invariance
demands 1°=(Cé—Dw)B°—EBP. Therefore, V,S*=
—A&—(B+C)wé—Dw?—Ep, and we must have, D
<0, E<0, andAD=(B+ C)?/4. Equivalently, we may pa-
rametrizeA= M, BB2=2(1— k)M, CB=2kM*®, and
DB2B°+Eg**=M2", whereby

A=M¥E+2BY(1- k)M,

IP=2kEMEP+ B M3P, (34)
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First order analysis away from equilibrium in a simplified,
homogeneous model

Let us turn now to the equation of motion to analyze
small deviations from equilibrium. The requirement that the
equilibrium state must be isotropic in some “rest” frame
implies that, in equilibrium, the two vectorg, and B,
must be parallel. Therefore, we can wr'ﬁcfﬂcua and
,B?q)=ﬁqua, with a common unit vectou® We will also

restrict ourselves to the homogeneous case. Observe that

TEh=T#%=0 identically for u#0, so there are only four
nontrivial equations, including Eq13).

In equilibrium, we must havg=A=12=R=0. Defining
$»=0 at the equilibrium point, we conclude
(eqr Beq:Beqr Peg =(0,80,0,0). We can now analyze the
first order deviations away from equilibrium, that is,

§=6¢,
¢=0¢,
B= Beqt 6B,
B=B. (39
We can expand
= =§o Fa(B,£)B"2 (36)

E is constrained to this form by demanding that at equilib-
rium, whereB.= B4, we fall back to our initialm2® and j2.
Here A and | are given by Eq(34), where all matrix ele-
ments are evaluated at the equilibrium valfig=BZ3=0,

B=B5%, and ¢o=0. Moreover, we will define m?
=V"(0), so, tofirst order,
R=m?5¢. (37)
In our case we have
. 1 0
j%a= 3, (98)= MEESE+2(1— k)MESB
0
+m?5¢,
0b OB £0 00
Tep=— W(gB),tZZKMO o0&+ Mg 0B,
3=
0b ’ = 1 ,
Tq;b:Pq(5ﬁ),t+ W— qu (6B) =
—2kME—~MP%sB,
Bo(d¢) 1= — 5¢. (38)

We can revert to our old coordinatég. and 63, :
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/;(55)":Mg§5§+2(1_K)Mgo5ﬂc+2(1—K)M€°5/5‘q
0
+m28¢,
P 3=
(9,8(982( OBc) 1+ (9,30782(53(*) 2KM805§+M805BC
—MQg’5B,,
°E 3= .
(aﬁaBZ)( o).t ( Pa~ aMBz)(ﬁﬁq)t——ZKMf 5¢
—Mg°5B.+ M54,
Bo(0¢) 1= — €. (39)

The advantage to do this is that we can add the middle

two to obtain

pi(3Bg) +=0. (40
That is,
dB4=const. (41
We are thus left with
1 133 £0 2
%(55)1:'\”0 0E+2(1— k)M 6B, + M5,
35
= 55782 (9Be) 1= 2kM GO+ MGOBe,
Bo(0¢) 1= — ¢, (42)
or, in matrix form,
(Bo)t 0 0
; ( 5§)
_ 5[-;
— .
JB B 5]
0 0 Bo '
ME 21— Mg® m?\ /5
=| 2«ME° M 0 || dBc|. (43
~1 0 0/ \9¢

We will consider solution of the type exp(t). There is a
solution if

(=B =M§)  —2(1-x)ME®  —m?
£0 =
—reM —_ MY 0 |=o0.
KVl (VaBaBz Mo) 0
1 0 = vBo

(44)

To make notation less clumsy, let us write

PHYSICAL REVIEW D 63 103507

M§f=g,=A,
PE

9B dBZ

BO
Mi’=e2=(B+C) 7,

Mq%=e;=DB5+E. (45)
The notation is chosen to emphasize explicitly which quan-
tities are small and which are not. Namely, #heare (very)
small, but theX is not. Therefore,

(—¥Bo'—e1) —2(1-k)s, —m?
—2ke, (yX—g3) 0 |[=0. (46
1 0 —¥Bo

Expanding with the second column, we have
4k(1— k) yBoe5+XBoy?e1— Boyeres+ Xy(y2+m?)
(47)

The solutions to order zero ane= =im andy=0. To order
1, the equation reduces to

—~ £3(y?+m?)=0.

XBoYoe1+ Xy(Y?+m?) —e5(y*+m?)=0. (48
Writing first y=*im+ &, we obtain
_ PBoes
and in the case/= &, we have
s
5= X (50
That is,
. Pot1
= + —
y Tim 2 ’
€3
Y= Y (51)

Notice thate;<0 ande;<<0. SinceBy>0, then the first
two solutions corresponding to oscillatory modes get a
damping part. The other solution will also be damped if

3

X= Bz<o (52

In this case the system will be causal if the mamf*8y is
negative definitéwherev=v°>0 andv,=—0v0 since it is
the temporal component of a temporal four-vector oriented
toward the futurgand where
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- Uﬁ'Sl 0 0 such a way that corrections to the energy-momentum tensors
3y will vanish in the equilibrium state. Observe that
MOAB,, — =0 | _ ,
JB IB Ei=—-2B%F'v+G'w)—2B%Gw,
0 0 —v B

=a

=
— b en 1ps2 b/ Iins2
Obviously, this matrix is negative definite if 0_&)_4[33’3 (Fv+G"W?) —2g"(F'v+G'w?)

Bo>0, +4(B*B"+B?B%)G'w+ 2B?BPG,
=) =
g B~ 0Bb=4ﬂa,8bG’W—293wa+ 4p°B°F’
We thus verify that the causality condition implies the sta- +2B28°G. (57

bility of the equilibrium solution. This is in agreement with
the findings of Hiscock and Lindblom in the context of the At equilibrium
Israel-Stewart formalismi32].

Going one order further, we find 9?8 e

IBIBy  IBIPBy

=0 (58

CailmoBolt g 2 26176 G| ot
Y 2m|aPof1iT T x T %2 2 and
(53
9?8 b b b
C ! C
723 54 m:_zlﬂzieq)ﬁ(eq)ﬁ(eq)c’ +2(9%Bleg T 9%Beq)C
<

+40,,9°F . (59)
That is, the correction to the third solution is at least third
order and the second order terms modify the frequency of the Causality demands that
oscillation in the case of the other two solutions.

If we look back to the linearized equation of motion for Beava
- a8 0 0 0
8¢, we obtain B
(c)
(8) 4= = MEBo(84) 1 +2(1= K)MG 5B +m* 5. 0 X 0 0
5 .5 U
©9 BB

In the simplest casi®l §°=0, this is the telegraphist equation 0 0(Xq+ =) 0
with a damping terni’¢, wherel'=|M&|8,. It is impor- 9B.oB, °@
tant to realize, however, that this identification holds only to 0 0 0 B2
linear order away from equilibrium. In gener&lwill not be (eqVa

a constant, but a function of the dynamical varialgsand (60)

Bc, and therefore it will depend ‘29 the history of the systemghoy1d be negative definite for any future-oriented, timelike
We may observe that whelg =0, we getSc;=0 10 yector p2. Since X5 represents a perfect fluid, we obtain

first order. causality under the usual conditiof]. We only need to
verify that (922 dB.dBy)v, is negative definite by itself.
INTERACTION

‘—'a

In this section we shall investigate the simplest DTTs of
the field-fluid interaction satisfying the requirements of cau- /B 3Bb
sality, stability, and the second law discussed in the previous
section. To make things simplest, we will restrict the form of
E in the following manner:

=40 gV a(— BregBiegC +9°F ) +2(v°Bley
+Ucﬂ?eq))G (61)

is negative definite, that is, if,L[d(E?)/dB.dB,]v,<0
E=F(u)v+G(u)w? (56) for any L,. To achieve this, let us decompokg into its
longitudinal and transverse parts relativedgqy, :
and we will investigate what restrictions one can expect from

causality onF and G. By making Z independent oft, we L= ,B(eq)b 4R Rb _o 62
make sure that the currejt preserves its form in the inter- b Bieap=0-

acting theory. We also assunzto be ¢ independent and

require it to be quadratic on the difference variaBf§ in We easily work out the following:
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. . (F'+G) ) . b This condition can be simplified by considering thaj?
4Blegval —C' = |I"T4B(equaRRF =\?BeqaBieq T ©a®?<0; that is, USiNgB eqaBieq= U,
— 4Ry Gl. (63) w,w3<\?u. (72
We can already extract some information. Takirg0, we Also, Beqva=—Au. Therefore,
have
wa0?  wae® 1 73
BlequaRoR°F' <0, (64) (Blegva)®  Nu' U’
which implies thatF’>0 since B,r.<0 and RyR°>0. Then, if
Also, takingR,=0, we obtain )
( G, (F'+G) I:,>G 1 74
F'+G T 4 u’
Bf‘e@va( -G’ %) <0, (65)

then condition(71) is satisfied. That is, the matri&/0) is
this time implying thaf —G’ — (F’ +G)/u]>0. Let us now Positive definite if

write
F'>0, (75)
VP=NBlogt 0% Bregp®®=0 (66)
(G’+(F,+G) <0 76
and decompose the spatial vecRy into the part which is u ' (76)

longitudinal and transversal ©":
and
R°= 7wP+1°,  tpBly=0=wyt’. 6
n bﬂ(eq) b (67) G,+(F,+G) o G2 ,
Therefore Ry = 7w,w® and, replacing in Eq61), we ob- 4u’ (77
tain, upon division byB(qva<0, _ B .
To see the meaning of these conditions, consider the case
0w whereF and G follow power laws. Dimensional analysis in

b

~ Ay Gyl + (7 wpe+tpt?)F', natural units ¢=%=ks=1) indicates that
a

(68)

(F'+G)
U

_Gl |2

[E]=TZ (78
which should be now positive definite in order to have Eq.

T4 _ a+1 _ a H —
(61) negative definite. Sincgt®F’ >0, it suffices then to ask Thus, writing F=Fou and G=Gou® implies thata=

—3: that is,
F'+G b — _ -
(—G’—( M2 259 6t PP >0, == Fou 2+ Gou w2, (79
u BlegVa
(69) The three condition§75), (76), and(77) read
This is a quadratic form il and 7, and we are thus Fy<O,
demanding that the matrix
G0+ F0>0:>G()>_F0>0,
(F'+G) wbwb
—G' - T 280,00 !
i (eqVa (70 4Fo(Go+Fo)<— ZG%. (80)
WhHw b/
- G wpw°F o o -
2B(egVa SubstitutingF o/ Go= — x, we have the following inequalities
for x:

should be positive definite. We already know that this means

that the diagonal elements are positive, a fact that we already )

deduced. Now since the matrix is real and symmetric, we 4X°—ax+ 7<0, (81)
know that its eigenvalues are real. Since the diagonal ele-

ments are positive, then it is sufficient to prove that the deimplying that 1/2-v3/4<x<1/2+v3/4. Observe that both

terminant is positive. The determinant is given by limit casesx=0 andx=1 are excluded. We thus obtain the
following final form for =:
[(IN()] - I — e r-a— . 2
° u 4(Blegva)’ =_ o AT (82)
(71 ~ u u u
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(Qp=—Gy<0), which can be rewritten in a covariant man- 9=° B
ner as(writing u=+— 8.8% '9Bo: _8EF-
= —gBaBb XGap+ 22 b} 83) It is convenient to introduce a new varialdelefined as
2 u?
B:Bc_Bq:Squ
Nonlinear approach to equilibrium in the homogeneous case implying
We shall conclude this paper by studying the nonlinear
evolution of the simple model just described. By simplicity, _ Bet Bq :(E+ 18
we shall work in flat space time and assume a homogeneous 2 2 4

model, implying in particular tha® and B? are colinear,

B2=Bu?, andB2=BUu?. We choose a frame at rest with the and to express the equations in terms of the canonical mo-

fluid whereu?= &5.
The equations of motion are

j%a=V'(9)+A, (84)
T3,=0, (85
T,=21°, (86)
¢ a=—¢ (87)

Let us introduce the two energy-momentum tensors of

both (perfecy fluids without interaction:

1 2
E%—V(QS))

c

52
Teo= aBeBit g™
and
Ta(k)): gabpq+ uaub(Pq+ pq)-

The interaction between the two is given hg=3 (8.
+Bq) andB= 5.~ 5]

=a
=+ (9,8[)
and
I=hs
T =2 —,
= [?Bb

We use as a model for our interaction term

2 2
2=— g (Fo=Go= gl

Under the simplifying hypothesis stated above, we have

2
o_1¢

Tgo=§?
Cc

+V(e)

and

9B ZOBZF
aBo ~ B°

mentum

_£
B’

The energy-momentum tensors thus read

T=¢ =

2

w
TP= 5 +V($)+

SZ

(1+5s/2)°

1
By’

1
By’

We are left with four ordinary differential equations
(ODE):

o+ 20

2
79= 74 \i(h)—| o+ 16T
_ 2 g

s
(1+5s/2)°

—m=V'($)+A,
(T =0,
(T%) =21°,
b=,
where
A=ME—2B(1— k)M
and

19= —BM%+ 2k M0,
The dimensions of th&1”® terms are
[M&]=T2,
[M®]=T°,
[M€]=T*,
[£]=T.
This validates the following modeling for thdAB:

Ko
Méé=— —
7’
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Lo
MOO:—
?6'.
Mo
MfO:_4,

T

where 7 is some function of the dynamical variables with
dimensionsT ! andK,, L,>0. Moreover, positive entropy
production imposes the following relationship:

KoLo=M§.
We will also take they fluid as describing radiation so that
p=oT* with the Stefan-Boltzmann constamt-0. Equation
(84) becomes

) Ko Mo
—7Tt=V (¢)+ ?'(S‘i‘ 1)ﬂq7T—2(1—K)Sﬁq7
Observe that

1
[Ewh4K@}=Whm+V%¢ﬂ
't

:%_

Mo
+ZB(1—K)? ,

Ko
?(S-i- l)BqW

S ,Bq
0= Loﬁﬁq— k(s+1) FWMO.
And define

By Mo
K=Ko(s+1) 277 2(1- K)SBy

c1=a+161“ﬁ,
SZ
CZ:U+20F(1+T)6'
Then,
==V ($)-K,
—Km—Cy5 45:8qt+£3(1—_5)75t
B Bq (1+s/2)"™
=0,
and
_KW+C14 16 (1-2s) o

A R

The final system of equations is

PHYSICAL REVIEW D 63 103507

Ba(1+s/2)®
s, = ————{21%,+Km(c,+0cy)},
|t 8FC3 { 2 ( 1 2)}
ﬂq s(1—s) (0
Par= 4c,4 109742 THKah(s)

m=—V'($)—K,

pi=m
where
s(1—5s)
03—5(1_|_—S/2)C]_—2(1—23)C2,
h(s)=2(1—2 5(1—-s)s
(=272 15
1
V(¢)=§m2¢2+)\¢4.
Finally,
1
TOO—EW +V(¢)+

ﬁq

is both positive definite and conserved.

These equations generally describe the approach to equi-
librium. This is most clearly seen in the limit whegere-
mains small. In this limit, we have,~c,~0, C3~—20
<0, h(s)~2, andK~Ko,8q7-r/7-2. In particular, the equation
for the field ¢ describes damped oscillations, but the damp-
ing “constant” is truly a dynamical variable, thus opening a
mechanism to include memory effects in the dynamics and
interesting behavior; note by example tiKatan change sign
if the coupling termM ¢#0.

More generally, by exploring parameter space we find a
variety of behaviors. In particular, the approach to equilib-
rium may be either over or underdamped; this second case
seems to be relevant to the description of preheating epi-
sodes.

V. FINAL REMARKS

The main conclusion of this work is that the conditions of
causality, stability, and a proper thermodynamic behavior put
concrete limits on possible phenomenological models of the
reheating period. We have shown concrete examples of
divergence-type theories which satisfy these requirements.
Unlike earlier work, we have described the inflaton as a field,
rather than disregarding its coherence by describing it simply
as another fluid. This has required an extension both of the
usual Klein-Gordon and DTT frameworks. We have also
shown how this field can be consistently coupled to a fluid.

The equations of motion we have derived in this last sec-
tion show also that it is possible to explore the bulk of pos-
sible dynamical behaviors already with models with a mini-
mal set of undetermined parametéirs our case, these were
I', Kg, Lo, Mg, and the functional form of). These param-
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eters may be estimated by fitting the predictions of the modeThat is, all the fundamental tensors of the theory can be
to microscopic calculations in controlled limiting cases, obtained from the generating functional The entropy pro-
much in the same way as viscosity coefficients in field theoryduction is given by

are computed by analyzing the damping of extra long wave-

length fluctuationg20—25. We may then obtain reliable St a=—1"%pc.

phenomenological models to use as a tool to explore the full o )
nonlinear physics of reheating, with an enormous gain ifPositive entropy production is ensured by demanding that

S ) . 9¢ be_ pg (bo)(d : : e
simplicity as compared to a full attack from a first principles ! = M C)(. ¢des whereM is negative definite.
perspective. Ideal fluids are an important if somewhat trivial example.

To obtain ideal hydrodynamics within the DTT framework,
consider a generating functionat,= x,(§,#) where u
=./— £, Itis a simple matter to obtain
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APPENDIX: DIVERGENCE-TYPE THEORIES (9,u2 '

Following Geroch and Lindblon{1], divergence-type A simple comparison with the perfect fluid form of the
theories are usually described in terms of some tenso”%nergy-momentum tensaraP= gap-+ uduP[ p+p] implies
quantities that obey conservation equations the following identification:

Tab;bzo’ 1 dx,
p=———",
N? =0, Mo
Aabc_ — I bc — % (Al)
a - P ‘9#2 .

This is a simple and slight generalization of relativistic fluid

theories proposed initially by Liu, Muller, and Ruggése]. Note that the conserved current can be quite generally writ-

In this setting,T2® is the energy-momentum tensor axdis ten as

the particle current. Their corresponding equation simply ex- P £ gy ap

presses conservation of energy, momentum, and mass. The Na:_( - S |=8—, (A2)
third equation will describe the dissipative part. The energy- dE\ p Iu 29

momentum tensor is symmetric amdf?=A2®, A% =0,

. A less trivial but important example both historically and
and|®,=0. The entropy current is enlarged to read b P y

conceptually is Eckart theory which can be obtained ffain

Sa:Xa_ ngab_ gNa_ é:bcAabC' 1 i
XE=xp+ 5 Lapuu®.
The &,&2,£2° are the dynamical degrees of freedom. The P25

following relations hold 1]: . .
¢ d1] Performing a Legendre transform to the new variables

ax? ££2,£3P one obtains a system of first order differential equa-
Na= e tions of the form
‘92)(3
ab_ 24 —gB;aZIA*
T= 2%, ZINIS
a where £, stand for the entire collection of variables
Aabe_ IX” (¢,&,,&.,) and similarlyl=(0,0)2°) represent the dissipa-
Aépe tive source; the indeX thus covers 14 dimensions in our

example. This first order system of differential equations is
Symmetry of the energy-momentum tensor implies that symmetric since

Xa:a_X 02)(3 _ (92Xa
€y dEpdég  0Egdén
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when this combination reduces A9, the vector being the
timelike vector (1,0. In a relativistic theory one would ex-
pect hyperbolicity to be invariant unddprope) Lorentz
wherei is a space-time index, the' andB arekx k matri- transformations; in this case, we say the system. is causal. _In
ces, andv is a k vector. Now this(first ordej system is Ul context, one would thus say that the system is hyperbolic

hyperbolic if all its eigenvalues are real; each of these eigen'—f
values represents the velocity of propagation of some small
disturbance in space. These in turn propagate along hyper-
surfaces called characteristics whose existence is ensured by
the existence o real eigenvaluefs3,54. If the matricesA'

andB are symmetric, then it suffices that some combination
A'v, be definite(negative definite given our choice of the is negative definite for some temporal vectwoy and the
signature for the metrjdo ensure that all the eigenvalues aretheory will be causal if this stay true fanytemporal vector
real (but some could be degeneraté usual case happens v,.

Note that we have a system of the form

Aly i+Bv =0,

aZXa
— v,
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